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Let E denote a locally convex space over the field of complex numbers 
C and let U denote an open subset of E. We let H(V) denote the space of 
@-valued holomorphic functions on U and r0 is the compact open topology 
on H(U). A semi-norm p on H(U) is said to be ported by the compact 
subset K of U if for each open set V, K c V c U, there exists c(V) > 0 such 
that 
P(f) G 4 v llfll v for all fin H(U). 
The locally convex topology on H(U) generated by the semi-norms ported 
by compact subsets of U is denoted by t,.. Clearly r0 < z, and a good deal 
of research has been devoted to finding conditions under which we have 
r,, = rw (see, for instance, [S]). In this article we consider this problem for 
certain Frechet spaces, In this situation the equality zO= 7,. on H(U) 
implies that U is an open subset of a Frechet-Monte1 space and so, at the 
outset, we are confined to such spaces. The Monte1 property is not 
suflicient, however, as Ansemil-Taskinen [3] have given an example of a 
Frechet-Monte1 space E for which z. # 7,, on H(U), U an arbitrary open 
subset of E. On the positive side Ansemil-Ponte [2] have shown that 
z,, = 7,. on H(U), U a balanced open subset of a Frechet-Monte1 with 
absolute basis, i.e., for a space of type J’(A) which is Frechet-Montel. 
Previously, positive results had been obtained for domains in Frechet 
nuclear and Frechet-Schwartz spaces. We refer to [S] and to the recent 
survey in Ref. [l] for details. 
Our main result is the following. 
THEOREM 1. If E is a Frtchet-Monte1 space with an unconditional basis 
of type (T) (defined below) and U is a balanced domain in E then 7. = z,, 
on H(U). 
Since any Frechet-Monte1 space of type Ap(A), 1 <p < CC or p = 0, 
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satisfies the conditions of the theorem we obtain a true generalization of 
one of the results of Ansemil-Ponte [2]. 
Notation. E, E,, . . . . E, will denote locally convex spaces over C. Eb is 
the strong dual of E, 9(EI, . . . . Ed) is the space of continuous d-linear forms 
on E, x ... x Ed and QIGiGd Ei is the completed n (projective) tensor 
product of E,, .,., Ed. If E, = E, . . . = E, = E we write LY(~E) in place of 
Y(E,, . . . . Ed). P(“E) is the space of continuous n-homogeneous polyno- 
mials on E. If F(E) is any space of functions on E and each element 
of F(E) is bounded on the bounded subsets of E we let r6 denote the 
topology of uniform convergence on the bounded subsets of E (note that 
rb and /? coincide on E’). Finally, if A is a subset of E we let T(A) denote 
the closed convex hull of A. 
1. DEFINITIONS FROM THE THEORY OF LOCALLY CONVEX SPACES 
An unconditional basis (e,), in a Banach space X over C is said to be 
a l-unconditional basis if 
for any C,“= i xnen E X and any sequence of complex number (O,)z’i, 
IO,1 < 1 all n (see, for instance, [8, Remarks following Proposition l.c.61). 
DEFINITION 2 [9]. Let (e,), denote a l-unconditional basis in a 
Banach space X and let (a,,,)cn= i be a matrix of non-negative real 
numbers. The vector space E of all scalars, x = (x,),, with 
for each k, equipped with the system (P~)~ of seminorms is called the 
X-Kijthe sequence space with Kijthe matrix (a+.). If we let X= I,, 
1~ p < cc or X= cO we obtain the classical Kiithe sequence spaces J”(A). 
DEFINITION 3 [9]. An unconditional basis, (en)n, in a Frtchet space E 
is said to be of type (T) if there an increasing sequence of seminorms on 
E, ( pk);=, , which define the topology of E and which has the following 
properties. 
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(a) For each positive integer k and each subset J of N 
Pk c 
IIEJ 
he, 1 w, 1 
for every C, x,e, in E. 
(b) There exists a positive constant M such that for ail k, t in N and 
any subset A of N the following holds: if c > 0 and p,(e,) < cp,(e,) for all 
n in A then pk(x) d cMp,(x) for all x in sp(e,, n E A ). 
The classical Kijthe sequence spaces IP(A ), 1 d p < a3 and p = 0, and the 
X-K&he sequence spaces have unconditional bases of type (T). 
For any finite set of locally convex spaces, { Ei}f=, , we have 
where 7~~ is the topology of uniform convergence on the bounded subsets 
of oi= ,,,,,, d Ei. If Bi is a bounded subset of Ei for i = 1, . . . . d then 
oi= L ,,_, d Bi is a bounded subset of 6 i= I ,,,_, d E, and hence rr, 3 TV. The 
classical “probleme des topologies” of Grothendieck [6] is to determine 
se_ts of spaces for which rcrrg = rb and in this case we say, following [9], that 
@i= I,___, d Ej has property (BB). 
A locally convex space E is said to be distinguished if Eb is barrelled. We 
let rbar denote the barrelled topology associated with the locally convex 
topology z. 
We shall also require the following property of locally convex spaces. 
DEFINITION 4 [4, 73. Let a(E) denote the system of all closed 
absolutely convex neighbourhoods of 0 in the locally convex space E and 
let @t(E) denote the system of all closed absolutely convex bounded subsets 
of E. E is said to satisfy the density condition if given any function 
A: %(E) + R+\(O) 
and VE @(E) there exists a finite subset F of 92(E) and BE W(E) such that 
n I(u)UC B+ V. 
UEF 
For Frtchet spaces we have the following implications 
Monte1 =E- density condition 3 distinguished. (*I 
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2. REDUCTION OF THE PROOF OF THEOREM 1 
The following result is due to Ansemil-Ponte [2]. 
PROPOSITION 5. Let E be a Frdchet-Monte1 space. Then zO = z, on H(U) 
for every balanced open subset U of E if and only if (P( dE), zO) is barrelled 
for all d. 
Thus to prove Theorem 1 it suffices to show that (P(dE), rO) is barrelled 
for all d. Since (P(dE), rO) is a closed complemented subspace of 
(9(dE), rO) it suffices to show that this space is barrelled. 
In view of (*) this r_esult is a consequence of the following set of 
equalities on 6p(dE) = (0 i= ,,...,d E)’ 
bar 
718 
= 
nP 
= 
=b = To* 
t t t 
(Propositions 6 and 7) (Proposition 6) (Monte1 hypothesis) 
3. COMPLETION OF THE PROOF OF THEOREM 1 
In this section we prove the following two propositions and as noted in 
the previous section this completes the proof of Theorem 1. 
PROPOSITION 6._ Zf El, . . . . Ed are Frichet spaces with unconditional basis 
of type (T) then oi= 1,...,d Ei has property (BB). 
PROPOSITION 7. rf E,, ,‘, Ed are FrPchet spaces, each of which satisfies 
the de_nsity condition and @I~= l,,,,,j Ei has property (BB) for all j, 1 < j < d, 
then @Ii= l,,,,,d E, satisfies the density condition. 
Remark. Proposition 6 is due to Taskinen [9] for the tensor product 
of two spaces and Frechet spaces with unconditional bases of type (T) were 
introduced in [9] in order to obtain this result. Our main contribution is 
to define, for finite products, the functions Qj and the sets Kj,k in order to 
use the method of Taskinen. Thus we do not include all the technical 
details of the full proof and the interested reader can supply these by 
consulting [9]. 
Proposition 7 is due to Bierstedt-Bonet [4] for the tensor product of 
two spaces and a simple induction argument extends the result to any finite 
product. 
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Proof of Proposition 6. For each j, 1 <j < d, let Ej denote a Frtchet 
space with unconditional basis (ej,,), of type (T) and associated system of 
seminorms (P~,~)~ (see Definition 3). 
If B is a bounded subset of oj= I,...,d E, then there exists an increasing 
sequence of real numbers, (rk)k, with rk > 1 for all k such that for each 
positive integer k every element z in B has a representation 
z= f. Ai,kXi,l,k@ . . @Xi,,,  . 
,=I 
where xi”=, IAi,J<2, x~,~,~EE~, and~~,~(x~,~,~)<r~ for all i, j, and k. 
Remark. In the case d = 2 Taskinen [9, p. 131 takes two sequences of 
scalars but it is easily seen that these may be replaced by their termwise 
supremum. 
For each j, 1 <j d d, let Jj,, = N and let n E Jj,,, if either 
nbm and Pj,i(ej,,) G 2e~“‘r,dPj,m(e,,,l) for ldi<m 
or 
n-cm, P,,,(ej,,) f 0, and Pj,i(e,.n)=o for ldi<m. 
Let Kj,k = Jj,k\(UZ= k+ 1 Jj,,) for every positive integer k. It is clear that 
( Kj,k)pz, is a partition of N for each j, 1 6 j < d. 
For a d-tuple k = (k,, . . . . kd) of positive integers we let 
Ak= {i, 1 <i<d, k,= sup ki) 
1 <J<d 
lAkl = cardinality of A, = e 
k= sup k,. 
1 <.i<d 
For any j, 1 d jbd, let 
if jEAk 
if j$A,. 
For any k E Nd we have 
,fil cP,(k)= n Qj(k). n Gj(k)=(r$-‘/‘) .(rF1)d--r= 1. (**) 
JEAk iC4 
For ieN, keN, and l<j<d, let 
xi, j,k = f xi, j,k,nej,n. (***I 
“=I 
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We now consider the formal sum 
2-&Q,. 
I,G @j=~,...,d(2*‘@j(k) C Xi,j,G,,ej,n ’ 
> 
(****) 
i=l,k=(k ,...., kd)~,‘@ n E Kj,k, 
The case by case method of Taskinen [9] can now be used to show that 
k E Nd,ie N 
is a bounded subset B, of Ej_for 1 <j< d. It follows that the series (****) 
converges to an element of aj= ,,,,,, d j E and the set of all such elements is 
contained in 2l3 @ j= i ,,,,, d Bj). 
If (n,, . ..) fld) is a d-tuple then there exists precisely one d-tuple k= 
(k 1, . . . . kd) such that nj E Kj,k, for all j, 1 < j < d. Using (**), (***) for & and 
projections onto the bases we see that (****) is an expansion of ZE B. 
Hence, B c 2r( oj = r,...,, Bj) and this completes the proof. 
Proof of Proposition I. For d= 2 the result is due to Bierstedt- 
Bonet [4]. We prove the result by induction on d. If d= 1 this is our 
hypothesis. Suppose the result is true for d= k. Now 
@i=l,...,k+l Ei=(Gi=l,...,kEi) GnEk+l. 
By the induction hypothesis hi= r,.,.,k E, satisfies the density condition 
and by our hypothesis (gi= I,...,k Ei) 6 Ek+ 1 has property (BB). An 
application of the result of Bierstedt-Bonet now shows that oi= l,,,.,k+ 1 Ei 
satisfies the density condition. By induction this completes the proof. 
_ Proof of Theorem 1. Let El = E2 . . . = Ed= E in Proposition 6. Then 
@Ji= r,,..,, Ei has property (BB) and hence rb = rep on L?(dE). Since E is 
Monte1 it sati$ies the density condition and hence Propositions 6 and 7 
imply that Oi= l,...,d Ei satisfies the density condition and hence is 
distinguished. Thus (Y(“E), r6) is barrelled. As E is Monte1 we also have 
r,, = zb and so (JZ(“E), rO) is barrelled. By Proposition 5 this completes the 
proof. 
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